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slightly more stable in water, The first is the shielding of 
the charge by solvent molecules which surround the car- 
boxyl group, and the second is the conformational entro- 
PY. 

It is of interest to apply this argument to other N-sub- 
stituted molecules whose cis-trans equilibrium has been 
observed. For example, consider the difference between 
N-methyl-N-ethylformamide (40% with ethyl cis6 to car- 
bonyl oxygen) and N-methyl-N-ethylacetamide (51% with 
ethyl cis6 to carbonyl oxygen). Since the attachment of a 
methyl group on the carbonyl carbon (in going from the 
formamide to the acetamide compound) would not be ex- 
pected to  change the barrier to rotation about the peptide 
bonds sufficiently to account for this difference, we attrib- 
ute the difference to a similar entropic contribution, 
which arises from a steric effect as follows. Assuming that 
the barrier to rotation about the N-(ethyl CH2) bond is 
small,s and that a CH2 group is similar to a CH3 group in 
steric behavior, the low-energy conformation (when the 
ethyl is trans to the carbonyl oxygen) would be one in 
which the ethyl CH3 is pointed away from the acetyl CH3 
group of the acetamide compound to avoid steric interfer- 
ence. This restriction is not as severe when the ethyl is cis 
to  the carbonyl oxygen. Hence, there is a smaller range 
available to the N-(ethyl CH2) dihedral angle (hence, a 
smaller entropy) when the ethyl is trans to the carbonyl 
oxygen. In the formamide compound the restriction on the 
N-(ethyl CH2) dihedral angle is less severe (than in the 

acetamide compound) when the ethyl is trans to the car- 
bonyl oxygen, since formamide has an H atom in place of 
a methyl group; thus, a higher per cent of this trans con- 
formation can occur in the formamide compound. We be- 
lieve that  this entropy effect accounts for the difference in 
behavior between these formamide and acetamide com- 
pounds. 

Since the conformational entropy appears to be impor- 
tant for the relative stabilities of cis and trans peptides, 
we may now extend these arguments to explain the ob- 
served cis or trans preference for N-substituted peptides 
in naturally occurring polypeptides. The (small) enthalpy 
difference observed here for the cis e trans isomerization 
suggests that  a cis peptide bond could exist in a polypep- 
tide or protein at  the L-prolyl or sarcosyl residue if the 
trans-preferred enthalpy and conformational entropy were 
overcome by other energetic and entropic factors. At pres- 
ent, it appears that only those naturally occurring mole- 
cules in which a covalent cyclic structure exists ( e .g . ,  acti- 
nomycin D32 which has two cis peptide bonds per ring) 
have sufficient constraints so that the above factors which 
favor trans may be overcome. 
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ABSTRACT: The properties of the helix-coil transition of poly(L-lysine) a t  various degrees of ionization in aque- 
ous salt solution are computed with the aid of empirical energy functions. The free-energy change in the process 
is considered to be a sum of a contribution (AGO) from the neutral polymer in the aqueous medium and one 
(AG,) from the electrostatic interactions between the charged side chains. AGO is obtained from an earlier calcu- 
lation for poly(L-alanine) in water, and the effect of the lysine side chain is incorporated. AG, is obtained by 
computing the partition function for the helix and coil a t  various degrees of ionization, the coil conformations 
being generated by a Monte Carlo procedure which yields a characteristic ratio of 8.69 for a neutral poly(L-lysine) 
chain of 40 residues in a 8 solvent. A Debye-Huckel screening potential was used in the computation of A G e .  The 
expansion factor, a,  of the poly(L-lysine) coil due to electrostatic interactions between the side chains was com- 
puted and found to obey the relation a 5  - a3 - l / C s  for salt concentrations Cs t 0.1 M ;  however, the calculated 
numerical values of a were somewhat lower than experimental ones. The computed value of ( A G O  + bG,) is zero 
at  a degree of ionization of -5070, compared to an experimental value of -35%; the discrepancy may be due to 
the underestimate of the expansion of the coil. The stability of the poly(L-lysine) helix in 95% methanol a t  acid 
pH is attributed to ion-pair formation to the extent of about 35%. 

I t  is well known that the conformation of a homopoly- 
(amino acid) molecule with ionizable side chains depends 
on the pH of the solution. At high pH a poly(L-lysine) 
chain appears to be in an a-helical conformation, and a t  
low pH adopts the conformation of a polylectrolyte ran- 
dom ~0i l .3  Zimm and Rice4 have presented a statistical 
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mechanical theory for this phenomenon, assuming a con- 
formational transition from an a helix to a locally extend- 
ed form. Several investigators5-7 have applied conforma- 
tional energy calculations to this problem, but these 
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treatments involve several arbitrary assumptions: (1) a 
low value is used for the dielectric constant of the aqueous 
solution; (2) Coulomb’s law is used without a screening 
potential, thereby neglecting the very important effect of 
the counterions and neutral salt on the conformation; and 
(3) a regularity condition (extended chain) is imposed on 
the random coil, thereby depriving it of its conformational 
entropy. 

The present paper is an attempt to rectify these defi- 
ciencies, a t  least in first approximation, and thus to com- 
pute the properties of the helix-coil transition of poly(L- 
lysine) a t  various degrees of ionization in aqueous salt so- 
lution with the aid of empirical energy functions. The cal- 
culation is carried out in two parts; first, the difference in 
free energy between the neutral helical and coil forms in 
water is computed, making use of a similar earlier calcu- 
lation for poly(L-alanine),* and then the electrostatic con- 
tribution is evaluated, using a Monte Carlo procedure to 
generate the random-coil and a Debye-Huckel screening 
potential to calculate the electrostatic free energies of the 
helix and coil. 

I. General Formulation 
The conformational free energy of a homopoly(amino 

acid) of N residues is a function of the dihedral angles { & }  
and [+i} of the backbone (for planar trans peptide groups, 
and fixed bond lengths and bond angles) and {xi’) of the j 
single bonds in each of the i side chains, where i varies 
from 1 to N.  The partition function of a polymer in solu- 
tion is given by 

where QK(  T) is the kinetic energy contribution, discussed 
previously9 (and assumed9 to depend only on tempera- 
ture; hence, it can be neglected in a helix-coil transition), 
and Qc is the contribution which depends on conforma- 
tion (after averaging over the phase space of the solvent 
molecules, including the salt ions). The quantity Qc may 
be expressed in terms of an empirical free energy10 FO 
(which includes all contributionsll except that part of the 
electrostatic free energy arising from the interactions be- 
tween the charges on the side chains) and an electrostatic 
potential W e  to take account of the interaction between 
the charged side chains in the presence of salt; both Fo 
and W e  depend on I & ! ,  WLI, and {xL’l.  

Qc = I..../” exP(-PWe - PFoMl@,Id(+Jdlx,’J 
( 2 )  charge 

distribution 

where p = l/hT, and We is the electrostatic energy of one 
charge distribution on one conformation. 

In order to simplify the computations, we may express 
Qc as a product of the term for the uncharged polymer 
and of the electrostatic term. 

Qc = QoQe (3 ) 
where 

and Qe is given in terms of the electrostatic partition 
function of a single conformation, qe, by 
(8) M .  GO, N. GO, and H. A. Scheraga, J.  Chem. Phys., 54,4489 (1971). 
(9) N. GO, M. GO, and H. A. Scheraga, Proc. Nat. Acad. Sci. U. S., 59, 

1030 (1968). 
(10) Here, we distinguish between Fo, the free energy of a particular con- 

formation of the neutral polymer (having averaged over the phase 
space of the solvent molecules), and GO, the free energy of the ensem- 
ble of neutral polymer molecules. 

(11) H. A. Scheraga, Chem. Rev . ,  71,195 (1971). 

Qe = ( q e ) c  =E ( ~ X P  (-PW,>), ( 5 )  
charge 

distribution 

The symbol ( e  -)c means that the summation is carried 
out for each conformation, and then averaged over all con- 
formations, i . e .  

(6 1 

The corresponding free-energy terms Go and G, are com- 
puted as -RT In Qo and -RT In Qe. Therefore, the free- 
energy change for the conversion of helix to coil, 
may be represented by two terms, one arising from the 
neutral polymer, AGO, and the other from the change in 
electrostatic free energy, AGe. 

S - S Q e  exP(-PFo)d1411d(+lldlX,’) 
J’.-J exp(-PFo)d1411d(+,ld~Xl’l 

Qe = 

A G h c  = AGO + A G e  ( 7 )  
The term AGO includes contributionsll from nonbonded 
interactions, torsional energies, electrostatic interactions 
between backbone amide dipoles, and hydrogen-bond in- 
teractions .12 

The midpoint of the transition is taken as the pH (or 
degree of ionization) a t  which AGhc  = 0, i e . ,  where the 
helix content o h  = yz for an infinite polymer; because of 
the existence of the nucleation parameter u of the Zimm- 
Bragg theoryl3 (or u’ of the Zimm-Rice theory4), o h  < % 
for a finite polymer when A& = 0. 

A. Statistics of the  Uncharged Homopolymer. The 
partition function of the uncharged poly(amino acid), 80, 
may in turn be expressed as a product of two factors 

Qo = QbQS (8) 
where Qb arises from interactions among the backbone 
atoms [including the Cfl atom, but not the hydrogen 
atoms on the Ca atom (see Figure l)] and Qs arises from 
side-chain-backbone, intra-side-chain, and side-chain- 
side-chain interactions, with 

where Qs is obtained by averaging the side-chain 
bution over all backbone conformations. Therefore, AGO 
may be represented in terms of backbone and side-chain 
contributions, i . e .  

A G O  = A G ,  + A G ,  (12) 
where 

G b  = -RT In Qb a n d  G, = - R T  In Q, 

In computing AGO, we adopt the following approach. 
AGt, is assumed to be the same as that already evaluated 

(12) In computing AGO in this manner, and adding it to AGe as in eq 7, we 
are neglecting the electrostatic interaction between the charged side- 
chain r-amino groups and the partial charges of the backbone amide 
groups. In other words, the procedure implied by the use of eq 7 is the 
neglect of differences in the conformational energy (4.6) maps be- 
tween charged and uncharged lysine residues, as far as the computa- 
tion of AGO is concerned. 

(13) B. H. Zimm and J. K .  Bragg, J.  Chem. Phys., 31,526 (1959). 
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Figure 1. Diagram of poly(L-lysine) chain, showing grouping of 
backbone and side-chain portions. The dihedral angles @, and qL 
are also indicated. {x,” is the set of j dihedral angles in the ith 
side chain. 

for poly(L-alanine) in water.8J4 For the longer side chain 
of neutral poly(L-lysine), the solvent is assumed to affect 
the free-energy contribution from the side chain to equal 
extents in the helix and coil forms; thus, no solvent effect 
will be taken into account in computing AGs. 

The enthalpy H for the helix and coil, respectively, can 
be obtained by differentiation of Q with respect to p. 
Thus, from eq 9,10, and 11 

H, = H, - Hb = 

The value of A H b  is not computed, but taken directly 
from the data for poly(L-alanine);s only AHs is computed 
here (from eq 14, for the helix and coil, respectively). A S b  
is also taken from the data for poly(L-alanine) and AS, is 
computed from 

ASs = ( A G s  - A H , ) / ? ’  (15) 

Therefore, in principle, we can compute AGs, AHs, and 
AS,, and hence AGO, AHo, and AS0 from eq 11, 13, 14, 
and 15. However, there are too many variables (dihedral 
angles) in this computation, and resort is had to some ap- 
proximations in order to perform the integrations, as de- 
scribed below. 

(14) Poly(L-alanine) contains three hydrogen atoms, and poly(L-lysine) 
two hydrogen atoms and the Cy atom on the B carbon. The positions 
of all atoms bound to the CJ atom depend on XI, but that of the CJ 
atom is independent of XI. By taking A G b  as that  for poly(L-alanine), 
we are neglecting the dependence of the side-chain interactions in- 
volving the CB hydrogens on X I  in poly(L-alaninej, In poly(L-lysine), 
the dependence of these interactions on x1 was taken into account in 
the term AG,.  

The first approximation, in order to evaluate Qs for the 
coil state, is to assume that the energy is the sum of “di- 
peptide” energies, u i t .  

exp [-PFb($i, $r)Id~d$d{xz’/ (16) I J....f exp[-PF,(+ij gL, Pi’l)I 

JJ exp [ -PFb(h, $i)ld4Ld$i [ ( Q s ) o l ~  = 

The evaluation of ( Qs)coll by means of eq 16 can be carried 
out within a reasonable amount of computer time. How- 
ever, this approximation is not accurate enough to evalu- 
ate the free energy of a side chain, GS, for the coil because 
a long side chain can interact with the side chains and 
portions of the backbone other than those taken into ac- 
count in eq 16. Therefore, additional approximations are 
required, in which longer range interactions are taken into 
account, as described in section IID. 

The contribution of the side chains to the free energy of 
the helix (Gs)hellx is obtained by integrating over { x L J )  (as- 
suming that ( x L j l  is the same for all i) a t  the values of 4ro  
and corresponding to the minimum-energy (regular) 
conformation of poly(L-alanine)g (see section IIC). For this 
purpose, Fb was expanded about the minimum (where the 
first derivatives of Fb are zero) to obtain 

i...s exP[-PFs(4,, iC/t, IXL’1)ld4,d$,dlX,’I 

from eq 11. The calculations were performed by replacing 
the integration by a summation; i .e . ,  the average value of 
exp( -PF,) around the minimum (4Lo,+Lo) was computed 
a t  values of c$~ and q L  within 1” of 4Lo and qL0. 

From the values of G,, H,, and S ,  for the coil and helix, 
and the corresponding values for poly(L-alanine), the 
values of AGO, AHo, and A S 0  are obtained for the helix- 
coil transition of neutral poly(L-lysine) in water. 

B. Electrostatic Free Energy of Helix and  Coil. Ac- 
cording to Rice and Nagasawa,l5 the free energy of a poly- 
electrolyte solution can be divided into three parts, G1 
being the free energy of the free small (counter) ions 
which can take part in binding and neutralization phe- 
nomena, G 2  being the free energy of the charges of the po- 
lyion (comprising the energy of interaction between the 
charges on the polymer and the entropy arising from the 
mixing of charged and uncharged groups on the polymer), 
and G 3  being the free energy of ionization (arising from 
both the binding of protons as well as salt ions). Since we 
will compare helix and coil conformations a t  equal net 
charge under identical solvent conditions, we shall assume 
that G1 and G 3  are the same for helix and coil; this as- 
sumption is not completely justified because the coil will 
have a slightly higher degree of ionization than the helix 
during the transition,4J6 but this effect will be neglected. 
The term G2,  designated here as (Ge)hellx and (Ge)coIl, 
will be evaluated by assuming that the counter ions are 
either in solution (where they can be treated by the 
Debye-Huckel approximation) or they are so near to the 
charge on the polymer that they can be considered as 
bound in ion pairs. Recent results obtained by Manning17 
and MacGillivrayl8 support this assumption. Ion pairs 

(15) S. A. Rice and M .  Nagasawa, “Polyelectrolyte Solutions,” Academic, 

(161 M .  Nagasawa and A.  Holtzer, J.  Amer. Chem. Soc., 86,538 (1964). 
(17) G. S. Manning, J.  Chem. Phys., 51. 924 (1969); Biopolymers, 11. 937 

(1972);Annu. Reu. Phys. Chem., 23,117 (1972). 
(18) A.  D. MacGillivray, J.  Chem. Phys., 57,4071 (1972). 

New York, N. Y., 1961, p 307. 
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will be treated as uncharged groups, the free energy of 
ion-pair formation being included in GB and assumed to 
be the same for helix and coil. 

In order to take account of the counterions and neutral 
salt ions, we have calculated We using a Debye-Huckel 
screening potential in water, with a dielectric constant D 
= 80. Hence, for one charge distribution on one conforma- 
tion 

W, = C(e2/Dr,,) exp(-~r,])  (18) 
<>I 

where e is the (electronic) charge on the side chain, rLj is 
the distance between charges i and j ,  and K is the recipro- 
cal of the thickness of the ionic atmosphere, given by 

K Z  = 4nneZlDkT (19) 

where n is the number of univalent ions per unit volume. 
The correction for ionic size in the Debye-Huckel poten- 
tial is omitted from eq 18 because conformations, in which 
the charges on the polymer are so near to each other that 
this correction would be important, will have a high elec- 
trostatic free energy and therefore a low probability of oc- 
currence (see eq 25 and 26). 

The value of We given in eq 18 pertains to a given 
charge distribution on a given conformation. The electro- 
static partition function for a single conformation, qe, is 
obtained according to eq 5 by summation over all possible 
charge distributions. Because of the nature of We in eq 18, 
qe includes the interactions between the charges on the 
polymer as they "see each other" through a screen of 
counterions; the entropy of mixing of charged and un- 
charged groups on the polymer is included because the 
summation is taken over all possible charge distribu- 
t i o n ~ . ~ ~  

In principle, the electrostatic term Qe is then obtained 
according to eq 6 by averaging qe over all conformations in 
the helix and the coil regions, respectively. In practice, 
the calculation of Qe for the helix is based on only one 
conformation-that found by minimizing the energy of the 
uncharged polymer. The values for the inter-charge dis- 
tances rL, are taken as the distances between the €-amino 
groups in this minimum-energy conformation. 

For the calculation of Qe for the coil, a Monte Carlo 
generation procedure is used to obtain a representative 
collection (200 in number) of coil conformations for an un- 
charged poly(L-lysine) chain under 0 conditions. The aver- 
aging indicated in eq 6 is then performed over these 200 
conformations. The characteristic ratio, C, given by 

C = (ro2)/N12 (20)  

where (r& is the mean-square end-to-end distance and 
I is the virtual bond length per residue20 (taken here as 
the distance between two successive Ca atoms; i e . ,  1 = 
3.75 A) ,  of such a collection should be about 9.0 f 0.5, on 
the basis of experimental21 and theoretica122,23 studies. 
When the coil is partially or fully charged, the weighting 
factor of eq 18 favors more extended conformations. We 
shall assume that the expansion of the coil dimensions be- 
yond those under 0 conditions can be attributed solely to 

(19) For example. in the hypothetical case in which We is the same for all 
charge distributions in a given conformation of the polymer, q, be- 
comes equal t o  the product of exp(-(3We) times the number of ways 
in which the charges can be distributed over the ionizable groups of 
the polymer in that conformation. 

(20) P. J. Flory, "Statistical Mechanics of Chain Molecules," Interscience, 
New York, Ii. Y., 1969, p 277. 

(21) D. A. Brant and P. J. Flory, J.  Amer. Chem. SOC., 87, 2788 (1965). 
(22) D. A. Brant and P. J. Flory, J.  Amer. Chem. SOC., 87,2791 (1965). 
(23) D. A. Brant, W. G. Miller, and P. J. Flory, J.  Mol. Biol., 23.47 (1967). 

Table I 
Thermodynamic Parameters for the Side Chains of the Neutral 

Right-Handed a Helix" of Poly(L-lysine) in Water 

280 -8.19 -9.84 -5.91 
300 -8.14 -9.80 -5.53 
320 -8.09 -9.75 -5.19 
340 -8.02 -9.71 -4.88 
360 -8.01 -9.66 -4.56 

a For 6 = -53.9' and $ = -51.7" 

the electrostatic free energy of the charged side chains. 
The expansion of the coil because of other effects, such as 
excluded volume, solvent and electrostriction, is ignored. 
This is equivalent to the assumption, used p r e v i o u ~ l y , ~ ~  
that an aqueous salt solution acts as a 8 solvent for poly- 
lysine, except for the electrostatic interactions between 
the charges on the polymer. 

As will be shown, even though only 200 conformations 
are, used in the Monte Carlo procedure, a reasonable value 
is obtained for the characteristic ratio. However, the num- 
ber of conformations which contribute significantly to 
(Ge)coll is much less than 200 (because of the effect of 
We); therefore, our results here should be regarded as a 
first approximation, which is nevertheless an improve- 
ment over those obtained5-7 without the use of a screening 
potential. 

11. Computation of AGO for Poly(L-lysine) 
A. Geometry and Energy Parameters. The geometry 

of the backbone and the energy parameters were the same 
as set A used for poly(L-alanine),s the CB atom being re- 
garded as part of the backbone. The geometry of the lys- 
ine side chain was taken from a recent compilation25 of 
X-ray crystal data; in particular, T(CCC) = 111". The tor- 
sional energy for rotation around all C-C bonds of the side 
chain was taken as 

(21) Etor = (EX/2) (1  + c o s  331) 

with E x  = 3 kcal/mol, and minima at f 6 0  and 180". Since 
the electrostatic interaction between a neutral side-chain 
NH2 group and the backbone peptide group is small in 
water, this electrostatic contribution was neglected. Ac- 
cording to eq 12, AGb (and the corresponding values of 
AHb and Ash) were taken to be the same as those com- 
puted for poly(L-alanine) in water.8 Hence, only AGs (and 
AH, and AS,) were computed. 

B. Calculation Procedure. There are five single bonds 
in the side chain around which rotation can take place, 
uiz., Ca-CD (xl), Co-Cy ( x d ,  Cy-Ca (x3), c8-C~ (x4), and 
C'-N ( ~ 5 ) .  In order to reduce the required computer 
time, x5 was fixed a t  go", the minimum-energy value 
found25 for lysine, and only a few discrete values were se- 
lected for XI, x ~ ,  x3, and ~ 4 .  For bonds remote from the 
backbone (with dihedral angles x3 and x4), only three 
values were taken for each bond, uit., those of the mini- 
mum of the torsional potential (&60 and 180'); this was 
justified by demonstrating that the variation of the total 
energy (intra-side-chain plus side-chain backbone) with 
x3 and x4, respectively (for one backbone conformation, 
uiz., C#I = -150" and J /  = 110"), was dominated by the tor- 
sional potential, with minima a t  *60  and 180". Since the 
C W Y  and Co-Cy bonds are closer to the backbone, it 
would probably have been advisable to select more values 

(24) T. V. Barskaya and 0. B. Ptitsyn, Biopolymers, 10, 2181 (1971). 
( 2 5 )  F. A. Momany, R. F. McGuire, and H. A. Scheraga, in preparation 
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for x 1  and X Z ,  say 9 each. However, because of the ex- 
pense of computer time, 9 were taken for x 1  (each torsion- 
al minimum-energy value and also values a t  f 2 0 "  from 
each minimum), but only 3 for X Z .  Thus, a total of 9 x 3 
X 3 X 3 side-chain conformations were taken to evaluate 
the side-chain free energy for each backbone conforma- 
tion, using eq 16 and 17 for the coil and helix, respective- 
ly. The temperature dependence of the thermodynamic 
parameters G ,  H,, and S ,  appears only in the quantity p. 

C. (GS)hellX. In order to compute the contribution of the 
side chain to the free energy per residue of the right-hand- 
ed cy helix, (Gs)hellx,  the backbone was fixed a t  4 = 
-53.9", $ = -51.7", the minimum-energy conformation 
for poly(L-alanine) in water;s then (GS)hellX was computed 
from (Qs)hellx, which in turn was calculated by means of 
eq 17. Similarly, (ffs)hel]x was obtained from eq 14, and 
(Ss)hellx from the analog of eq 15. These results are shown 
in Table I. 

D. ( G s ) c a l ~ .  A "dipeptide" energy contour map 
for L-alanine (with no hydrogens on the CS atom) was pre- 
pared,26 taking into account the interaction of the CB 
atom with all atoms in the grouping 0-C'O-NH-CaH- 
C'O-NH-Ca (see Figure 1); i .e.,  the structure considered 
was that  portion of the backbone between Cal-l and CaI + 1 
and only the ith side chain. This map gave the values of 
Fb(&,$r) of eq 16. For each set of 4I and l c i I ,  Fs(41 ,$ l , {xIJ l )  
was computed at various values of ( x L I \  in order to  obtain 
the contribution of the lysine side chain. After integrating 
over {xI'l (eq 16), the values of F, (shown in Figure 2) 
were obtained; similarly, the values of H,  and S,, comput- 
ed from eq 14 and 15 are shown in Figures 3 and 4, respec- 
tively. The maps in Figures 2-4 were used for the evalua- 

14, and 15, respectively. The blank areas in Figures 2-4 
are regions of high backbone energy (low statistical 
weight). As can be seen from Figure 2, the contribution to 
the free energy of the dipeptide comes mainly from rela- 
tively extended backbone conformations, 4 = -180" to  
-50" and $ = 20-180"; the same is observed in Figures 3 
and 4 for the enthalpy and entropy, respectively. The free 
energy, energy and entropy (computed by averaging, ac- 

tion of (Gs)col~ ,  (Hs)cal~, and (Sdco1~ by means of eq 16, 

Jrm 0 -  

(26) M. GO, F. Th. Hesselink, N. GO, and H. A. Scheraga, Macromole- 
cules. to be submitted. 
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Figure 3. Same as Figure 2, but for H,  (in kcal/residue). 
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Figure 4. Same as Figure 2, but for S,  (in eu/residue). 

cording to  eq 16, over all backbone regions) are given in 
Table IT as the first approximation (including only intra- 
side-chain and side-chain-backbone interactions). 

To obtain a second approximation (see Figure l ) ,  the 
structure used in the first approximation was augmented 
by inclusion of the additional backbone portion from 
Cai+l to Cai+2 and also the (i + 1)th side chain. Since it 
would require too much computer time to cover the whole 
range of @ i + 1 ,  $i+l ,  and { x i + l j J ,  we carried out the com- 
putations by fixing c$~+I and &+l at their preferred values 
(-150 and E O " ,  respectively, in the /3 region) and imposed 
the restriction that { x i + l j )  = {xi'). The dihedral angles of 
the ith residue were allowed to vary, and all interactions 
in this new structure were taken into account. Similarly, a 
third approximation was obtained (see Figure 1) by add- 
ing a CO-NH group to the backbone and the ( i  + 2)th 
side chain to the Cui+2 atom, with @f+z  taken the same as 
&+I and the new side-chain conformation maintained the 
same as that  of the other two; all interactions in this new 
structure were taken into account. The thermodynamic 
parameters in these two additional approximations, ob- 
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L 

C 

tained by averaging only over the major backbone regions 
by means of eq 16 (to conserve computer time), are also 
given in Table 11. In both the second and third approxi- 
mations,Z6 the only variables are &, $ i t  and jx$], and the 
resulting average is regarded as the partition function, qs ,  
for one side-chain; hence Q s  is approximated as q S N ,  as in 
eq 16, and the results expressed as the free energy per res- 
idue. (The results in Table I1 for the regular structures 
will be considered in section E.) 

E. AGs, The values of AGs, AH,, and ASs for the con- 
version from helix to coil in neutral poly(L-lysine) are 
shown in Table I11 for the various approximations. The 
values of AGs (1.5 kcal/mol in the first approximation and 
0.75 in the second approximation) are essentially indepen- 
dent of temperature, but give much higher values of A G O  
[after addition of the computed values of 0.02 kcal/mol a t  
25" for  poly(^-alanine)] than the experimental valuez4 v Z 7  

of 0.08 kcal/mol a t  25". This poor result clearly arises 
from not having taken enough interactions into accont in 
the coil, i .e . ,  the computed free energy of the coil is too 
high. Since longer range interactions are attractive, they 
would lower the free energy of the coil if they were taken 
into account; this effect can be seen from the results in 
Table I11 for the third approximation.26,28 

Since the results of Table I11 indicate that the inclusion 
of longer range interactions in the coil lower the value of 
AG,, a calculation was carried out for nine residues of two 
regular, extended structures (4 = -120", $ = 150" and 4 
= -130", $ = 170") as a limiting case for (Gs)coil .  These 
particular backbone dihedral angles were chosen because 
the previous computations in the dipeptide approximation 
indicated that (G&,,il for these two backbone conforma- 
tions were almost the same as the value of (Gs)coil which 
was obtained by averaging over the whole (4,$) space. 
The values obtained for (Gs)coil for these two regular 
structures are shown in Table II; they arise from an addi- 
tional -0.5 kcal/mol in enthalpy and -0.5 eu in entropy 
because of the longer range interactions (the entropy aris- 
ing from the rotational freedom of the side chains). When 
the values of (Gs)coil for these two regular structures are 
averaged, the resulting values of AGs (shown in Table 111) 
become less than 0.1 kcal/residue. The corresponding 
values of AH, and AS, are -0.5 kcal/residue and -1 eu/ 
residue, respectively (see Figure 5).  We may thus use the 
values of AGS, AH,, and ASs for the "regular" backbone 
structure of Table I11 for the helix-coil transition in neu- 
tral poly(L-lysine) in water. 

F. AGO. The value of AGO is obtained by adding the 
backbone contribution8 AGb to the computed values of 
AG, shown in Table 111. The temperature dependences of 
AGb and AGO are shown in Figure 6, the difference be- 
tween these two curves being the side-chain contribution 
AGs. The calculated curve of AGO compares favorably 
with the experimental result~;2482~ the temperature de- 
pendences of the computed values of AH0 and AS0 are 
shown in Figure 5.  At  the transition temperature (-340°K 
or -67"), AH0 = 1 kcal/residue and A S 0  = 2.9 eu/resi- 
due are obtained from the computed curves of Figure 5; 
these values are in agreement with the experimental re- 
sults.24,27,29 While this agreement between the observed 
and calculated thermodynamic parameters for neutral 
poly(L-lysine) is good, the use of a regular conformation for 
the backbone of the coil state may be too drastic an ap- 
proximation. 
(27) J .  Hermans, Jr., J.  Phys. Chem., 70,510 (1966). 
(28) It is worth noting that it is not clear what the range of interactions 

should be in the coil in order to simulate I3 conditions. This point is 
discussed elsewhere in connection with computations on the helix-coil 
transition in poly(L-valine) in water.26 

(29) P. Y. Chou and H. A. Scheraga, Biopolymers, 10,657 (1971). 
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Table I11 
Thermodynamic Parameters  for the  Side Chains in  the Conversion of Helix to Coil in  Neural Poly(L-lysine) i n  Water 

AGs (kcal/Residue) AHs (kcal/Residue) ASs (eu/Residue) 

Temp 1st 2nd 3rd 1st 2nd 3rd 1st 2nd 3rd 
(OK) Approx Approx Approx R e p  Approx Approx Approx Rep Approx Approx Approx R e p  

280 1.51 0.76 0.66 0.10 1.79 0.98 0.88 0.44 0.47 0.74 0.78 
300 1.51 0.75 0.65 0.07 1.79 0.99 0.89 0.44 0.42 0.71 0.75 
320 1.50 0.74 0.63 0.05 1.79 0.98 0.89 0.44 0.37 0.68 0.73 
340 1.47 0.70 0.60 0.03 1.79 0.99 0.89 0.44 0.34 0.67 0.70 
360 1.48 0.71 0.60 0.01 1.79 0.98 0.88 0.43 0.29 0.63 0.68 

These values were obtained using the average of the two “regular” values in Table 11. 

1.22 
1.21 
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1.16 

I I I I I 
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Figure 5. Computed temperature dependence of AH0 and AS0 for 
neutral poly(L-lysine) in water. AHs and AS8 from Table I11 
(“regular” ones) are shown by dashed lines. The values for A H b  
and A& were taken from Table VI1 of ref 8. 

From these calculations on neutral poly(L-lysine) in 
water, it appears that  the contribution from the side 
chain to AGO, AHo? and A& is of approximately the same 
size as that  of the backbone as can be seen from the 
curves in Figures 5 and 6.  

111. Computation of A G e  for Poly(L-lysine) 
The electrostatic free energy of the helix (Ge)helix was 

computed for a regular structure of 40 residues with 4 = 
-61.3”, $ = -43.4”, xi = -74.5”, xz = 116.1”, x 3  = 
-178.4”, x4 = 176.8”, and x5 = 90.5°;30 i.e., we ignore the 
averaging of qe  over the l imited conformational space in 
the helical region (indicated by eq 6) ,  and use the approx- 
imation 

( & e l h e l i x  = (qe lhe l ix  (22)  

(30) This conformation, which has been obtained as the low-energy one in 
an earlier calculation31a of neutral poly(L-lysine) with other energy pa- 
rameters,26 differs from that obtained for poly(L-alanine)8 and used 
here for neutral poly(L-lysine). However, the differences in backbone 
dihedral angles between this conformation3la and the a-helical confor- 
mation found for poly(L-alanine),a and used in section IIC, do not re- 
sult in appreciable differences in the geometry of the 01 helix. For ex- 
ample, this a helix318 has a pitch (rise per turn) of 5.36 A and 3.61 
residues/turn, whereas that for poly(L-alanine)s has a pitch of 5.40 A 
and 3.63 residues/turn. Therefore, this difference in backbone dihe- 
dral angles would not be expected to affect any of our conclusions, 
especially since this second conformation31a is used only to evaluate 
(Geihel ix .  

Temperature ( O K )  

Figure 6. Comparison of e ~ p e r i m e n t a l ~ ~  s27 and computed tem- 
perature dependence of A G O  for neutral poly(L-lysine) in water. 
The backbone contribution AGb [of poly(L-alanine), computed 
from the values of AHb and ASb of Table VI11 of ref 81 is shown 
by a dashed line. The values of AGs are the “regular” ones of 
Table 111. 

The charges were placed on all nitrogen atoms of the 
t-NH2 groups for the fully charged helix. For the partially 
charged helix, the charges were distributed randomly as 
described below. 

The electrostatic free energy of the coil, (Ge)coil ,  must 
be calculated according to eq 6 by averaging the statisti- 
cal weight of the charge distribution of a single conforma- 
tion over all conformations. We circumvent this extremely 
tedious procedure by a Monte Carlo generation of a repre- 
sentative set of random-coil conformations. This Monte 
Carlo procedure is based on the conformational energy 
map for a neutral lysine residue, and therefore takes into 
account the different probabilities of occurrence of differ- 
ent conformations of each residue in the uncharged poly- 
mer. Thus, all generated conformations of a poly(L-lysine) 
chain have equal probabilities of occurrence because the 
preference of a residue for a particular conformation is ac- 
counted for in the generation of each chain. However, 
when the polymer is then charged (by placing charges 

(31) (a) A. Lewis, F. Th .  Hesselink, and H. A. Scheraga, in preparation. (b) 
A map for a charged lysine residue with D = 2 and the same side- 
chain conformation is very similar to Figure 7 (unpublished results). 
Apparently, intra-residue electrostatic interactions between the 
charge on the terminal NHa+ group of the side chain and the charges 
on the backbone influence the conformation very little. The effect of 
this electrostatic interaction would be even smaller, if the screening 
by the counter ions and the solvent were included. 
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Table IV ' 
Collection of 967 Conformations of an L-Lysine Residue 

Frequency 
of Occur- 

@ (ded $ (ded  XI (deg) rence 

- 160 
- 160 
- 160 
- 160 
- 160 
- 160 
- 160 
- 160 
- 140 
- 140 
- 140 
- 140 
- 140 
- 140 
- 140 
- 140 
- 140 
- 140 
- 140 
- 140 
- 140 
- 120 
- 120 
- 120 
- 120 
- 120 
- 120 
- 120 
- 120 
- 120 
- 120 
-120 
-100 
- 100 
- 100 
- 100 
- 100 
- 100 
- 100 
- 100 
- 100 
- 100 
- 100 
- 100 
- 80 
- 80 
- 80 
- 80 
- 80 
- 80 
- 80 
- 80 
- 80 
- 80 
- 80 
- 80 
- 80 
- 60 
- 60 
- 60 
- 60 

60 

- 60 
80 

100 
120 
140 
140 
160 
180 
- 60 

80 
80 

100 
100 
120 
120 
140 
140 
140 
160 
160 
180 

60 
80 
80 

100 
100 
120 
120 
140 
140 
160 
- 60 
- 60 

- 60 

60 
80 
80 
100 
100 
120 
120 
140 
140 
160 
- 60 
- 60 
- 40 

60 
80 
80 

100 
100 
120 
120 
140 
140 
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- 60 
100 
120 
140 
60 

180 
180 
180 
180 
60 

180 
60 
60 

180 
- 60 
180 
- 60 
180 
- 60 
180 
- 60 

60 
180 

60 
60 

180 
- 60 
- 60 
180 
- 60 
180 
- 60 
180 
- 60 
180 
- 60 
- 60 
180 
- 60 
- 60 
180 
- 60 
180 
- 60 
180 
- 60 
180 
- 60 
- 60 
180 
180 
- 60 
- 60 
180 
- 60 
180 
- 60 
180 
- 60 
180 
- 60 
180 
180 
180 
180 
- 60 

- 60 

1 
5 

20 
23 
14 
15 
39 

4 
1 
1 
8 
1 

28 
1 

29 
1 
8 

14 
1 

15 
1 
1 
8 

17 
6 

12 
18 
9 

15 
11 
5 
8 
1 
3 

14 
46 
16 
26 
40 
15 
25 
15 
7 

10 
3 

11 
1 
1 

57 
35 
36 
96 
20 
57 
18 
15 
10 
7 
8 

26 
7 
1 

randomly on the nitrogen atoms of the t-NH2 groups as 
described below), the probability of occurrence of each 
conformation becomes a function of its electrostatic parti- 
tion function qe. 

A chain of 40 residues was used in these computations. 
The conformations of the individual residues were ob- 
tained from neutral N-acetyl-N'-methyllysinamide as fol- 
lows. The conformational energy, Ef+,$,x1), for this mole- 
cule was calculated a t  20" intervals in 4 and +, with x1 
having the values -60, 60, and 180°, and the rest of the 
side chain fixed in the extended conformation ( x ~  = x 3  = 
x4 = 180°, xs = go"), with the geometry and energy pa- 
rameters described e l s e ~ h e r e . ~ ~  An energy contour mapS1b 
(Figure 7) was prepared from this 18 x 18 x 3 matrix of 
energy values by selecting the value of XI which produced 
the lowest value of E(4,$,x1) a t  each value of (4,$). 

A. Monte Carlo Generation of Neutral Poly(L-lysine) 
Coil Conformations. The dimensions of a randomly coiled 
polypeptide chain depend mainly on the values of 4 and $ 
of a single residue.32 Hence, the map of Figure 7 can be 
used to compute ( ro2) /Nl2 ,  where the relative probabili- 
ty of occurrence P($,$,xl) of a specific {4,$,xll combina- 
tion is given by 

Using this equation, the 18 X 18 x 3 matrix for the con- 
formational energies E(4,$,x1) is converted into an 18 X 
18 X 3 matrix for the probabilities of occurrence 
P(4,$,x1), and a collection of 967 conformations is ob- 
tained by assigning each conformation a frequency of oc- 
currence of 1OOOP(4,$,x1). Less than 1000 conformations are 
obtained because P(@,$,x~) is less than 0.0005 for many con- 
formations; also, some conformations are eliminated when 
the frequencies of occurrence are rounded off to obtain in- 
tegral numbers. This collection of conformations is 
shown in Table IV, and was used in the Monte Carlo 
generation of poly(L-lysine) chains. The ordering of 
the conformations in Table IV determined the conforma- 
tion assigned to a particular residue in the Monte Carlo 
procedure; i.e., a conformation of a chain of 40 residues 
was obtained by first generating 40 random numbers be- 
tween l and 967, the ith random number determining 
the conformation of the ith residue. For example, if the 
first random number were 4, then the conformation of the 
first residue was given by the fourth entry in Table IV, 
uiz., 4 = -160", $ = 80", x1 = 180". Using this procedure, 
and appropriate transformation matrices,33 200 conforma- 
tions were generated for a 40-mer of poly(L-lysine). 

As a check on the validity of this procedure, the charac- 
teristic ratio, C, of eq 20 was computed for the 40-mer, by 
taking the average ( C ~ O ) ,  for j conformations, where 1 5 j 
5 200. As can be seen in Figure 8, the value of (c40)j ap- 
proaches the limiting value of 8.69 after j - 120. This may 
be compared with an experimental valuez1 of 8.6 f 0.9 
found for poly(L-lysine) of DP = 550. Using an energy con- 
tour map similar to that of Figure 7 ,  and an averaging 
procedure to obtain average transformation matrices, 
Brant and Flory22J3 computed values of C.. = 9.27 and 
C40 - 8.1-8.2 for an infinite chain and a 40-mer, respec- 
tively, of poly(L-alanine). These theoretical values are 
somewhat dependent on the choice of parameters in the 
conformational energy calculations, and Flory adopts C, 
= 9.0 f 0.5 for poly(amino acids) with a Cp atom. Consid- 

(32) Reference 20, p 252. 
(33) T. Ooi, R. A. Scott, G. Vanderkooi, and H. A. Scheraga, J.  Chern. 

Phys., 46,4410 (1967). 
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Figure 7. Energy contour map for neutral N-acetyl-N'-methyllys- 
inamide with corresponding to the lowest-energy conformation 
(of -60, 60, and 180") a t  each value of (@,$) with the rest of the 
side chain in the conformation xz = x 3  = x4 = 180" and ~5 = 
90". The energy is expressed in kcal/mol above the zero value 
taken at  the minimum ( M )  at @ = -8V, $ = loo", and x1 = 
1€W. 

ering these results, it  appears that our use of a 40-mer and 
200 conformations in the Monte Carlo procedure provides 
a valid representation of the random coil under 0 condi- 
tions. 

B. Computation of G e  for Helix and Coil. In order to 
obtain the electrostatic free energy for the helix, ( Ge)helix,  
and coil, ( G e ) c o i l ,  the free energy, Fi,  of the ith conforma- 
tion, defined as 

F. = - p -  In ( q e ) ,  (24) 
is calculated according to eq 5 and 18. In order to  mini- 
mize end effects in our 40-mer in both the helix and coil 
conformations, the summation over i, j in eq 18 is per- 
formed as follows: i is chosento run from 11 to 30, and the 
only interactions counted are those of the ith residue with 
the charges on the t-NHs+ groups of ten residues to the 
left and ten residues to the right in the 40-mer. Thus, in- 
teractions between charges more than ten residues apart 
are neglected. This underestimate of G, is in part com- 
pensated by the overestimate of Ge arising from the use of 
the Debye-Hdckel screening potential since the screening 
by the counter ions is more effectiveS4 than that  account- 
ed for by the Debye-Huckel approximation at  potentials 
higher than 25 mV. However, these problems are probably 
insignificant compared to that of the choice of the correct 
value of D.  While we have taken D = 80, some results are 
given for D = 33 and D = 56. Further, eq 18 is not too 
sensitive to the choice of D ,  since its effect appears in 
both the numerator and denominator of eq 18. All calcu- 
lations pertain to 25". 

The value of (Ge)he1ix is computed with the helix geom- 
etry described a t  the beginning of section I11 and divided 
by N (40 in this case) to obtain the electrostatic free ener- 
gy per residue. 

The value of (Ge)coi1 is obtained from the 200 generated 
conformations, by recognizing that the 200 conformations 

(34) C.  Schildkraut and S. Lifson, Biopolymers, 3, 195 (1965). 

I 

* .  I .  . 

50 I O 0  150 3 
Number of Configurations 

Figure 8. Dependence of C on the number of conformations used 
to compute the average. Each dot represents the individual value 
of r$/NP for the particular random-coil conformation in the set 
of 200. The curve represents the cumulative average, (r$)/NP, as 
each conformation is generated. 

have an equal probability of occurrence only if the 6 -  

amino groups are uncharged. If the side chains are 
charged, the probability of occurrence of the ith confor- 
mation, p , ,  is determined by its electrostatic free energy, 
where 

200 

P, = exp(-PF,) /C exp(-PFi) (25) 

Then, the electrostatic free energy per residue, (Ge)coIl ,  is 
given by 

1-1 

200 

(G&i = O/NC plFl (26)  
r =1 

Thus, the averaging over all conformations is performed in 
eq 26, whereas the summation over all charge distribu- 
tions is performed in the calculation of q, (or F, from qe 
by eq 24); ge includes the interaction between the charged 
side chains and also the entropy of mixing of charged and 
uncharged groups (see section IB). 

We present the results first for the relatively simple 
case of completely charged helix and coil conformations, 
and then for the more interesting case of partially charged 
conformations. 

C. Completely Charged Poly(L-lysine) Chains. When 
all the €-amino groups carry a positive charge, the entropy 
of mixing of charged and uncharged groups is zero. Thus, 
(Gelhe l ix  is given by 

(Gelhelix = (We)hel l r /N (27) 

Values of (Ge)he l lx  for various values of D and salt concen- 
tration are given in Table V. For the ith coil conforma- 
tion, F,  = [(We)coil]L and the values of (Ge)coll, obtained 
after averaging according to eq 25 and 26, are also given in 
Table V, as are values of A G e  = ( G e ) c o l ~  - (Ge)hellx.  



550 Scheraga et al. Macro m o le c u 1 es 

Table V 
Electrostatic Free Energy of Fully Charged Poly(L-lysine) 

Chains of 40 Residues at 25" 

Di- 
elec- 
tric Salt 
Con- Concn (Ge)hetix (Gelcoil AGe ff 
stant (mol/l.) kcal/Residue 

80 1 0.124 
0.2 0.696 
0.1 1.089 
0.02 2.04 

56 1 0.101 
0.2 0.745 
0.1 1.257 
0.02 2.63 

33 1 0.063 
0.2 0.755 
0.1 1.453 
0.02 3.71 

0.082 
0.360 
0.580 
1.22 
0.072 
0.375 
0.648 
1.53 
0.055 
0.376 
0.723 
2.07 

-0.042 1.02 
-0.336 1.12 
-0.509 1.19 
-0.82 1.26 
-0.029 1.00 
-0.370 1.11 
-0.609 1.19 
-1.10 1.28 
-0.008 0.99 
-0.379 1.05 
-0.730 1.18 
-1.64 1.29 

These values obtained for A G e  are all negative, indicat- 
ing that the electrostatic free energy of the coil is lower 
than that of the helix. This difference in free energy be- 
comes especially important a t  salt concentrations a t  
which the coil expands appreciably over its 8 dimensions. 
Our result of AG, = -500 cal/residue for D = 80 a t  0.1 M 
salt and 25" is large compared to the value of AGO [+90 
cal/residue (theoretical, Figure 6) and +80 cal per residue 
(experimental24 q]. Thus, the helix-coil transition will 
take place long before the whole molecule is charged; in- 
deed, it is found29 that the midpoint of the transition oc- 
curs when only about 35% of the €-amino groups are 
charged. 

Before turning to the case of partially charged poly(L- 
lysine) chains, it  is of interest to compute the expansion 
of the fully charged random coil due to electrostatic inter- 
actions. For uncharged chains, the 200 conformations have 
equal probabilities of occurrence, and we find for c40, the 
characteristic ratio of a 40-mer (see Figure 8) 

200 

C4o = (~(C40) , ) /200  = 8.69 (28 ) 

For fully charged chains, p L  is given by eq 25, and 

(29) 

The values of a computed from eq 29 are given in Table V 
and in Figure 9. Experimentally, Brant and Flory21 found 
a = 1.33 for poly(L-lysine) of DP = 550 in 1 M NaBr and 
Barskaya and PtitsynZ4 found a = 1.45 for poly(L-lysine) 
of D P  = 360 in 0.2 M NaC1. In order to compare results 
for different DP and salt concentration, C,, we use the fol- 
lowing relation of Flory35-37 

a5 - a3 = CI(DP)''2/C, (30) 
where CI can be regarded37 as an empirical parameter. 
The data (for D = 80) of Table V are plotted according to 
eq 30 in Figure 9, and a reasonably straight line with CI = 
0.011 is found for C, 2 0.1 M .  This may indicate that eq 
30 is valid only if the dimensions of the macromolecule 
are much larger than the thickness of the ionic atmo- 
sphere ( K - I ) ,  a common limitation in polyelectrolyte theo- 

(35) P. J. Flory, J.  Chem. Phys., 21, 162 (1953). 
(36) P. J. Flory and J. E. Osterheld, J.  Phys. Chem., 58, 653 (1954). 
(37) Reference 15, p 506. 

I I C s ,  l i t e r /mo le  

Figure 9. Plot of a5 - a3 us. l/Cs, using the data ofTable V (for 
D = 80). The values at  0.04 and 0.4 M were computed analogously 
but were not included in Table V, simply to avoid enlarging the 
table. 

ry. Applying eq 30 to the result of Brant and Flory,21 we 
obtain CI = 0.077, which gives a = 1.38 for a poly(L-lys- 
ine) chain of 40 residues in 0.2 M salt, compared to our 
value of 1.12. Using the result of Barskaya and Ptitsyn,24 
we obtain CI = 0.035 and a = 1.25 for a poly(L-lysine) 
chain of 40 residues a t  the same salt concentration. Al- 
though the differences found between the various values of 
CI cast doubt on the reliability38 of eq 30, our value of a 
= 1.12 seems too low; i . e . ,  our fully charged coil confor- 
mations are not extended enough. This may be due to the 
fact that  our collection of 200 coil conformations is too 
small (even though it suffices for the calculation of c40 for 
the neutral polymer) because only 10-15 conformations 
contribute significantly to the calculated properties of the 
fully charged coil ( i e . ,  have values of p L  > 0.01). How- 
ever, the situation is much better for the more interesting 
case of partially charged poly(L-lysine) chains because 
many more conformations contribute in this case. 

D. Partially Charged Poly(L-lysine) Chains. In sec- 
tion IIIC, we saw that AG, for the completely charged 
chain is sufficient to overcome AGO, thereby favoring the 
coil conformation. We now consider the extent to which 
the poly(L-lysine) chain must be charged so that (AGe + 
AGO) = 0, i.e., we seek the degree of ionization a t  the 
midpoint of the pH-induced helix-coil transition. 

The electrostatic partition function qe  of eq 5 should be 
calculated by summing over all possible charge distribu- 
tions for each conformation. However, when n charges 
(with, say, n = 12, 20, 28, and 36) are to be distributed 
over 40 t-amino groups, we have 

(31) 

different charge distributions; e .g . ,  for n = 20, g = 1.4 X 
1OI2 distributions, which is too large a number even for 
high-speed computers. Therefore, qe is calculated by an 
approximate procedure in which the n charges are distrib- 
uted over the 40 t-amino groups by a random number gen- 
erator, and the electrostatic free energy, (We),, of this j t h  
distribution is calculated. This process is repeated R 
times for both the helix and each of the 200 coil conforma- 
tions, usually with R = 100. Hence40 

g = 40!/((40 - n)!n!l 

R 

,=1 
qe = ( g / R )  exp[-P(We),I (32 1 

The values of (Ge)coll were then calculated by eq 18, 24, 

(38) The dependence of as - a3 on (DP)I * seems especially doubtful, as 

(39) R. B. Hawkins and A. Holtzer, Macromolecules, 5,294 (1972). 
(40) This procedure was checked by calculating Q. from eq 5 and 32 for a 

poly(L-lysine) chain of 16 residues in the a-helical conformation at  
various degrees of ionization ( j  = %, 3'8, 3/8, . . ., Y d ,  and the results 
differed by less than 0.5%, indicating the reliability of eq 32. 

discussed by Hawkins and Holtzer.39 
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Table VI 
Electrostatic Free Energy of Partially Charged Poly(L-lysine) 

Chains at 25" 

Frac- 
tion, f ,  
of Side 
Chains (Ge)hellx ( G e ) c o ~ i  AGE 

Solvent Charged kcall Residue 

D = 80 0.3 
C, = 0.1 M 0.5 

0.7 
0.9 
1.0 

D = 33 0.3 
c, = 0.02M 0.5 

0.7 
0.9 
1 .o 

-0.273 
-0.193 
+0.073 
+0.607 
+1.089 
-0.219 
+0.160 
+0.913 
+2.345 
f3.710 

-0.291 -0.018 
-0.265 -0.072 
-0.100 -0.173 
+0.265 -0.342 
+0.580 -0.509 
-0.250 -0.031 
-0.094 -0.254 
+0.272 -0.641 
+1.211 -1.134 
+2.067 -1.643 

25, 26, 31, and 32 [and analogously for (Ge)heiix],  and the 
results are shown in Table VI for two different solvent 
conditions. The negative values of (Ge)hel ix  and (Ge)coii  a t  
low values of the degree of ionization f arise from the en- 
tropy of mixing of charged and uncharged groups; the free 
energy becomes positive a t  higher values of f because of 
the repulsive interactions between the side chains. The 
values of AGe = (Ge)coil - (Ge)hel ix  are also given in 
Table VI. 

IV. pH-Induced Helix-Coil Transition in Poly(L-lysine) 
The midpoint of the pH-induced helix-coil transition is 

taken as the value of the degree of ionization, f ,  a t  which 
AGO + AGe = 0. In Figure 10, we have plotted AGe as a 
function o f f  for 0.1 M salt solution a t  25" (with D = 80). 
The experimentalZ4.27 (+80 cal/mol) and theoretical (+90 
cal/mol, from Figure 6) values of AGO are also shown; 
both lead to a predicted value of f  - 0.5, compared to an 
experimental value29~41 of 0.35. 

The data of Table VI for D = 33 and 0.02 M salt may 
be used to  discuss the helix-coil transition in 95% aqueous 
methanol since the dielectric constant of this solvent is 
33. Yaron et a2.42 found that the poly(L-lysine) helix is 
about 200 cal/residue more stable in 50% aqueous metha- 
nol than in water. Extrapolating to 95% aqueous metha- 
nol, we might expect AGO to be about 500 or 600 cal per 
residue in 95% methanol a t  25", compared to 80 cal/resi- 
due in water. If this result is combined with AGe = -1.64 
kcal/residue at f = 1 (Table VI), we would conclude that 
the completely charged coil is about 1 kcal/residue more 
stable than the completely charged helix in 95% metha- 
nol. This conclusion is in disagreement with ORD experi- 
m e n t ~ ~ ~  indicating that poly(L-lysine) is completely heli- 
cal in methanol (>go%) a t  neutral pH and with nmr 
data44 indicating that the polymer is charged under these 
conditions. However, the nmr experiment probably does 
not distinguish between bound counterions and ions of the 
ionic atmosphere (Debye-Huckel model), and it is possi- 
ble that  in methanol some of the counterions are so near 

(41) If, as a limiting case, AGe is recalculated using the extended R 
structure instead of the Monte Carlo generated coil (but retaining the 
Debye-Hdckel screening potential), the value of f at  the transition 
point is reduced to 0.35 in 0.1 M salt, in better agreement with the 
experimental value.2g It could be that,  in a larger Monte Carlo collec- 
tion of charged coil conformations, extended /3 conformations might 
predominate. 

(42) A.  Yaron. E.  Katchalski, A. Berger, G .  D. Fasman, and H. A .  Sober, 
Biopolymers, 10, 1107 (1971). 

(43) R. F. Epand and H. .4. Scheraga, Biopol)rners, 6,1383 (1968). 
(44) F. J .  Joubert, N. Lotan, and H. A.  Scheraga, Physiol. Chem. Phys., 1, 

348 ( 1969). 

Degree of Ionization, f 

Figure 10. Dependence of AGe on the degree of ionization f for 0.1 
M salt solution at  25". The e ~ p e r i m e n t a l 2 ~ . ~ ~  and theoretical 
values of AGO are also included, together with the predicted 
values of f a t  the midpoint of the helix-coil transition. 

to the charged groups that they behave as ion pairs. This 
might explain why Liem et a1.45 could not fit the titration 
curve of poly(L-lysine) in 95% methanol using the Debye- 
Huckel screening potential. If we assume that AGO is 
-600 cal/residue in 95% methanol, then the data of Table 
VI would suggest that  AGe = -600 cal/residue a t  f - 0.65, 
implying a degree of ion-pair formation of a t  least 35% for 
the solvent conditions (low pH) used by Joubert et ~ 1 . 4 ~  

V. Discussion 
The major features of the pH-induced helix-coil transi- 

tion for poly(L-lysine) in aqueous salt solution have been 
accounted for. The value of AGO is compatible with exper- 
imental data, and is of comparable magnitude to AGe so 
that a variation of AGe with pH leads to a transition in a 
range of the degree of ionization that is also compatible 
with experiment. Further, the Monte Carlo generation of 
the random coil has led to a value of the characteristic 
ratio (under 0 conditions) that  is in agreement both with 
experiment and with other theoretical procedures for com- 
puting this quantity. I t  is therefore of interest to reconsid- 
er some of the approximations made in the calculations. 

In the calculation of +Go, all of the effect of water has 
been included in the poly(L-alanine) portion of the poly(L- 
lysine) molecule. Thus, possible hydrophobic bonding be- 
tween lysine side chains has been neglected. As with 
many other effects, some cancellation of this possible in- 
teraction arises from its possible presence in both the 
helix and coil forms. In addition, dipole-dipole interac- 
tions between neutral c-NH2 groups and between these 
groups and backbone amide groups have been omitted. In 
computing the conformational entropy of the side chains, 
only a limited number of conformations was used. Fur- 

(45) R. K.  H. Liem, D. Poland, and H. A. Scheraga, J.  Amer. Chem. S a c ,  
92,5717 (1970). 
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ther, the higher approximations showed the need for in- 
cluding longer range interactions in the calculation of the 
free energy of the coil form. While it was a severe approxi- 
mation (especially in restricting the entropy of the side 
chain) to take a regular extended backbone structure for 
the coil form (in the calculation of the free energy of the 
side chain), it appears that the resulting free energy may 
be a limiting one which would be approached if longer 
range interactions were taken into account in a proper 
treatment of the neutral coil; also, the preference for ex- 
tended forms, when the coil is charged, makes the use of 
this approximation for the neutral coil more valid when 
the resulting AGO is to be combined with AGe in a treat- 
ment of poly(L-lysine). 

In the Monte Carlo generation of the neutral coil, based 
on a collection of 967 conformations of a single residue 
(obtained from an empirical energy map) a reliable value 
(8.69) of the characteristic ratio is obtained. This result is 
equivalent to that obtained with average transformation 
matrices22323 (in which all possible conformations of a res- 
idue are taken into consideration); i e . ,  the Monte Carlo 
method used here can generate a representative set of the 
energetically important conformations, and is effective for 
a polypeptide with long side chains. This method may be 
used to improve those of Scott et al.46,47 and Tanaka and 
Nakajima48 who obtained low values of the characteristic 
ratio49 ( e .g . ,  (240 5 4, instead of the correct ~ a l u e ~ ~ - ~ 3  of 
about 8). 

The calculation of the expansion of the coil due to elec- 
trostatic interactions yielded rather low values for the ex- 
pansion factor a ,  probably because of the use of too small 
a number of coil conformations and perhaps too small a 
chain length. However, the fact that  the value for a calcu- 
lated from the data of Brant and Flory is appreciably 
higher than that based on the results of Barskaya and 
Ptitsyn may be an indication of the need to include a 
nonelectrical contribution to the expansion of the coil in 

(46) H. E. Warvari, K. K. Knaell, and R. A. Scott, J.  Chen.  Phys., 55, 

(47) H. E. Warvari and R. A. Scott, J. Chem. Phys., 57.1146 (1972). 
(48) S. Tanaka and A. Nakajima, Macromolecules, 5,708 (1972). 
(49) These low values arise because of an underestimate4648 of the contri- 

bution from the large ,9 region of the dipeptide map. On the other 
hand, these procedures4e48 can make allowance for excluded volume 
effects. 

2020 (1971). 

aqueous salt solution. Further calculations based on a 
larger collection of coil conformations for longer chains 
could shed light on this problem. 

The values of AGe are of the right order of magnitude 
since they predict the correct transition range. The some- 
what higher predicted degree of ionization ftr a t  the mid- 
point of the transition is probably related to the underes- 
timate of a ,  since a more expanded coil would have a 
lower value of (Ge)coll;  hence, AG, would be greater in ab- 
solute value (see Figure 10) for a more expanded coil, lead- 
ing to a lower predicted value for the degree of ionization 
at the midpoint of the transition. Of course, as has been 
stated for the success of the Zimm-Rice theory4 of the 
helix-coil transition, the correctness of the predicted 
value of AGe may be due to  a fortuitous cancelation of er- 
rors, but it is not apparent which errors would be involved 
in this cancelation. 

The use of an unscreened Coulomb potential with a 
very low dielectric constant5-' leads to values of AGe 
which are a t  least an order of magnitude too high, i e . ,  
-20 kcal/residue for completely charged chains6 com- 
pared to our result of about -0.5 to -1.0 kcal per residue. 
The high electrostatic repulsion, implied by an un- 
screened potential, would prevent the formation of helix, 
if the degree of ionization exceeds only a few per cent. 

In conclusion, the present treatment of the electrostatic 
interactions, which did not contain adjustable parameters 
or an  arbitrary assumption about the dielectric constant, 
seems to  be a promising approach for the treatment of the 
influence of electrostatic interactions on the conformation 
of macromolecules. It indicates that, in treating electro- 
static interactions between charged groups on the surface 
of proteins, cognizance must be taken of the screening ef- 
fect of the counterions; Le., the electrostatic interactions 
between charged groups on a protein in water are much 
lower than those that would be computed by ignoring the 
screening effect.50 

(50) In order to reduce the electrostatic interactions between ionizable 
side chains on the surface of a protein (in contact with water), i.e., to 
simulate the screening effect, Platzer et al.51 took the groups as un- 
charged in computing the structure of chymotrypsin and its interac- 
tion with substrates.Jl 

(51) K. E. B. Platzer, F. A. Momany, and H. A. Scheraga, Int. J. Peptide 
Protein Res., 4,201 (1972). 


